LEGENDRIAN RATIONAL UNKNOTS IN LENS SPACES 



HANSJORG GEIGES AND SINEM ONARAN 



Abstract. We classify Legendrian rational unknots with tight complements 
in the lens spaces L{p, 1) up to coarse equivalence. As an example of the 
general case, this classification is also worked out for L{5,2). The knots are 
described explicitly in a contact surgery diagram of the corresponding lens 
space. 



1. Introduction 

This paper is concerned with the classification of Legendrian rational unknots 
in lens spaces. The lens space in question may be equipped with a tight or an 
overtwisted contact structure, but in the latter case we require that the knot com- 
plement be tight. Legendrian knots in overtwisted contact 3-manifolds with tight 
complement are called non-loose or exceptional. 

The classification of Legendrian unknots in is due to Eliashberg and Fraser [7] . 
In the case of the tight standard contact structure ^st on S^, their classification is 
up to isotopy; in the case of exceptional unknots in an overtwisted contact struc- 
ture, up to coarse equivalence. Recall that two Legendrian knots Li C {Mi,^i), 
i — 1,2, in contact 3-manifolds are called coarsely equivalent if there is a contac- 
tomorphism (Mi,^i) {M2,£,2) carrying Li to Here the contact structures 
are understood to be (co-)oriented, and the contactomorphism is supposed to pre- 
serve the (co-)orientation. The classification of Legendrian knots in overtwisted 
contact manifolds up to isotopy is complicated by the fact there are contactomor- 
phisms topologically but not contact isotopic to the identity, cf. the discussion in 
[a Section 4.3]. 

In the present paper we extend the classification result of Eliashberg and Fraser 
to rational unknots in lens spaces. Our focus will lie on the exceptional case, and we 
too are content with the classification up to coarse equivalence. The classification 
in the tight case is essentially due to Baker and Etnyre [T, although they give an 
explicit description only for L{p, 1) with p odd. 

We obtain a complete classification (both in the tight and the exceptional case) 
for the lens spaces L{p, 1) with p any integer. As an illustration of the general case 
we also discuss the classification for L(5, 2). In particular, we determine the range 
of the classical invariants realisable by such rational unknots, and the 3-dimensional 
homotopy invariant of the contact structures containing exceptional knots. 

This classification is achieved as follows. The number of distinct Legendrian 
rational unknots with tight complements is determined via the classification of 
tight contact structures on solid tori; this strategy has previously been employed by 
Etnyre [8 . We then describe the expected number of Legendrian rational unknots 
explicitly in a contact surgery diagram of the lens space. For the 3-sphere, such a 
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description is due to Plamenevskaya ^7,. In all cases the knots are distinguished 
by the rational analogues of the classical Legendrian knot invariants. 

Here is an outline of the paper. In Section[2]we recall the topological classification 
of rational unknots in lens spaces. In Section [3] we describe a result of Lisca et 
al. [M] about the computation of the classical Legendrian knot invariants of a 
Legendrian knot presented in a contact surgery diagram. We extend their result 
from integral to rational homology spheres and from nuUhomologous to rationally 
nuUhomologous knots. The invariants in this case are the rational Legendrian knot 
invariants [121 HI 11] • 

In Section|4]we recall how to compute the 3-dimensional homotopy invariant of a 
contact structure from a surgery diagram. This will be used in some cases to show 
that the contact structure defined by a certain surgery diagram is overtwisted. 

Sections [5] to [8] contain the classification for S'^, WP^, L{p,l) and L(5,2), re- 
spectively. The classification for and MP'^ is of course subsumed by that for 
L{p, 1). Nonetheless, the separate description of those two simple cases allows us to 
include some additional details and to make the whole classification scheme more 
transparent. Many of the necessary computations are relegated to Section [9l 

We understand that Biilent Tosun has been working on the classification prob- 
lem discussed in this paper using a parallel approach, but staying closer to the 
argument in [5] rather than relying on surgery diagrams for the existence part of 
the classification. This may in fact be advantageous for dealing with the general 
L{p,q). 

2. Rational unknots in lens spaces 

The lens space L{p, q) with p G N and I < q < p — I coprime to p is defined as 
the quotient space of C under the Zp-action generated by 

(zi,Z2)^(e2"'/^^i,e2-«/P^2). 

This gives L{p, q) a canonical orientation, and our contact structures are assumed to 
be positive for that orientation. Alternatively, L(p, q) with the described orientation 
can be obtained by surgery along a single (— p/g)-framed unknot in . 

A rational unknot K in some 3-manifold M is a knot with a rational Seifert disc, 
i.e. some cable of K on the boundary d{vK) of a tubular neighbourhood of K is 
supposed to bound a 2-disc D embedded in M \ vK^ cf. [1]. As discussed in that 
paper, the union vK U D equals the complement of an open ball in a lens space, so 
for the study of rational unknots one may restrict attention to the case of M being 
a lens space. 

Moreover, a rational unknolQ in L{p, q) is then necessarily the spine of one of the 
Heegaard tori. Recall that the genus 1 Heegaard splitting of a lens space is unique 
up to isotopy [3]. Hence, up to isotopy there are at most four oriented rational 
unknots in L{p, q), namely iKj, j = 1, 2, where 

Ki = {[e'^ 0] : < ^ < 2n/p} C L(p, q), 

and likewise for K2. For p — 2 this reduces in fact to one possibility, and for p > 2, 
q G {l,p — 1} the knot ±Ki is isotopic to ±K2, both being fibres in an S'^-bundle 



When we speak of a 'rational unknot' in L(p, q) we always mean a rational unknot that is not 
an honest unknot, i.e. the homological order of the knot is supposed to be greater than 1. 
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over S*^. In homology one has [^2] — q[Ki], so for q ^ {l,p — 1} there are indeed 
four rational unknots up to isotopy, see [TJ Lemma 5.2]. 

In the surgery picture, Ki can be represented as in Figure [TJ The knot K2 would 
be the spine of the solid torus glued in to perform the surgery. By exchanging the 
role of the two Heegaard tori, which induces the orientation-preserving diffeomor- 
phism L{p,q) = L(j),r) for qr = I mod p, one gets a similar picture for K2, with 
the surgery coefficient replaced by —p/r. 




Figure 1. One of the rational unknots in L{p, q). 

By expanding the rational surgery into integral surgeries along a link of unknots, 
one can give representations of Ki and K2 in a single surgery diagram. For instance, 
in the case p = q — 2 we can take r = 3. Since —5/2 = —3 — l/(— 2) and 
—5/3 = — 2 — l/(— 3) we can represent Ki and K2 as in Figure [21 A slam dunk, 
cf. [121 Figure 5.30], will then produce Figure [H or the analogous picture for K2, 
respectively. 




Figure 2. The two rational unknots in i(5, 2). 



Since we are interested in a classification up to coarse equivalence, we need to take 
the action of the diffeomorphism group into account. In this topological setting, 
coarse equivalence of two knots is supposed to mean that there is an orientation- 
preserving diffeomorphism of the ambient manifold sending one knot to the other. 

Proposition 1. Up to coarse equivalence there is exactly one oriented rational 
unknot in L{p, q) for q^ = \ mod p, and exactly two for q^ ^\ mod p. 

Proof. The orientation-preserving diffeomorphism of L(p,q) induced by (21,22) ^ 
(^1,^2) sends ifj to —i^j, j = 1,2. Thus, topologically we can ignore the orientation 
ofi^,. 

For g2 = 1 

mod p, the orientation-preserving diffeomorphism of L{p, q) induced 
by {zi, Z2) I— )> (z2, zi) exchanges Ki and K2. For q^ ^ 1 mod p, there are only two 
orientation-preserving diffeoniorphisms of L(p, q) up to isotopy: the identity and 
the one described above, see [I5j. So Ki and K2 cannot be coarsely equivalent. □ 

However, as pointed out in [1] for the tight case, the two different orientations 
of Ki may correspond to non-equivalent Legendrian realisations. Similar consid- 
erations apply in the exceptional case. This gives some information about the 
contactomorphism group of the corresponding contact structure. 
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3. The classical invariants 



In this section we first recall from [1 how to define the classical invariants for 
rationally nuUhomologous Legendrian knots. We then show how to compute these 
invariants for knots presented in a surgery diagram of the ambient manifold, pro- 
vided this manifold is a rational homology sphere. This constitutes a mild extension 
of a result due to Lisca et al. [T4j Lemma 6.6]. 

3.1. Definition of the invariants. Let L C {Y.S,} be a rationally nuUhomologous 
Legendrian knot in a contact 3-manifold, i.e. L is of some order r G N in Hi(Y). 
Then there is a rational Seifert surface E C F for rL, i.e. a surface that is embedded, 
except along its boundary, which is an r-fold covering of L. Note that the boundary 
of S need not be connected. (One can replace L by a suitable embedded curve or 
collection of curves on the boundary of a tubular neighbourhood of L, representing 
the class rL in the tubular neighbourhood, and then find an embedded surface 
with that curve (or those curves) as its boundary.) Let L' be a push-off of L in 
the direction of the contact framing, i.e. the framing determined by Then the 
rational Thurston- Bennequin invariant of L is 



i.e. the rational linking number of L and L' . Any two rational Seifert surfaces for 
L differ by a class in H2{Y). Since L' is rationally nuUhomologous, its intersection 
number with such a class is zero, so tbQ(L) is well defined. 

Now assume that L is oriented. The contact structure ^ is a trivial plane bundle 
when restricted to the rational Seifert surface E, and the rational rotation number 
rotQ(L) is defined by writing r •rotQ(L) for the number of full turns of the positive 
tangent vector to L, as L is traversed r times, relative to the trivialisation of ^Ie. In 
general, this number will depend on the relative homology class represented by E. 
If the Euler class e(^) is a torsion class, then rotQ(L) is well defined. 

3.2. Computation in a surgery diagram. As shown in [4], any (closed, con- 
nected) contact 3-manifold (F, ^) has a contact (±l)-surgery presentation L = 
L-|_ U L_ C (5'^,^st), i-e. there is a Legendrian link L in with its standard 
tight contact structure such that contact (±l)-surgery along the components of L-t 
produces {Y,S^). 

Now let L = U L_ be a contact (±l)-surgery presentation of a rational 
homology 3-sphere {y,£,)- Then H^(Y) will be a finite abelian group, so the Euler 
class e(^) is a torsion class. Furthermore, let Lq C (S^ \ l^,£,st) be a Legendrian 
knot that becomes rationally nuUhomologous in {Y,£^). Denote the link components 
of L by Li, . . . , L„, and set Oi = tb(Li) ± 1, depending on whether Li belongs to 
L-|_ or L_. So Oi is the integral surgery coefficient of the link component Li. Write 
M for the linking matrix of L, i.e. 



tbQ(L) := -i'.E, 




where 




Define an extended matrix by 




where 
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In other words, Afo is the linking matrix of Lq U L, with the convention that 
Ik(Lojio) is set to 0. As a final piece of notation, we write roti for the rotation 
number of Li, i = 0, . . . , n, and tbp for the Thurston-Bennequin invariant of Lq, 
all regarded as knots in {S^,£_st)- 

We can now formulate a lemma that tells us how to compute the classical invari- 
ants of Lq when it is regarded as a Legendrian knot in the surgered manifold (Y, ^) . 
For the case that {Y, ^) is an integral homology sphere, this lemma is due to Lisca 
et al. [14, Lemma 6.6]. (The condition that Y be an integral homology sphere is 
not contained in the statement of their lemma, but in the paragraphs preceding it, 
and it is used implicitly in their argument.) 

Lemma 2. The rational invariants of Lq C (Y,^) are given by 
rotQ(Lo) = roto - 



/ roti \ 






|,M-.( 


\ rot„ 1 






tbQ(Lo) = tbo 



detM, 







detM 



These formulae are exactly the same as those in [M], with tb and rot replaced 
by their rational counterparts. However, since it is not entirely clear where the 
order of L in Hi(Y) might or might not be relevant for the argument, we deem it 
worth to include a proof. 

3.3. The relative Euler class. Before we turn to that proof, we want to discuss 
the behaviour of the relative Euler class of a contact structure under a contact 
(±l)-surgery along a Legendrian knot Li. A neighbourhood of Li can be identified 
with a neighbourhood of x {0} C x R^, equipped with the contact structure 
ker{cos9 dx — sinOdy). We think of x C x as the solid torus we cut 
out during the surgery. The boundary x dD^ of this solid torus is a convex 
surface with two dividing curves (± sin 9, ± cos 0, 9). These curves lie in the class of 
the longitude Ac giving the contact framing. Write fi for the meridian of x dD^ 
and A for the standard longitude x {*}. Then Ac = A — /u. Thus, in terms of the 
standard meridian and longitude /i. A, the slope of the dividing curves is —1. The 
convex torus x dD^ has a linear Legendrian ruling given by the 0-curves, which 
represent the class A = + Ac- 

Write fj,', A' for meridian and longitude, respectively, of a solid torus we glue in 
to perform the surgery. Contact (— l)-surgery can be described by the gluing maps 

^j.' I — >fi-Xc, A' 1 — > fi; 

contact (+l)-surgery, by the maps 

/i' I — /i + Ac, A' I — > ^ + 2 Ac. 

Note that in both cases A' — ^' gets glued to Ac . So the slope of the dividing curves 
on the boundary of the solid torus we want to glue in is again —1, now with respect 
to ^i'. A'. 

The Legendrian ruling of the convex torus x dD^ in the original model can be 
changed from the class A = Ac + /J. to either /i or /i + 2Ac by an isotopic deformation 
of the 2-torus through convex tori of slope —1 and linear Legendrian ruling, staying 
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inside any arbitrarily small neighbourhood of the original torus. After this modifi- 
cation, we see that contact (±l)-surgery simply corresponds to regluing a standard 
solid torus with slope —1 and linear Legendrian ruling in the class Xq. 

Now suppose that we perform contact (±l)-surgery along a Legendrian knot L 
in a contact 3-manifold (Af, ^q). The relative Euler class e{£,o,L) e H^{M,L) is 
Poincare dual to the class in Hi{M \ L) represented by the zero set of a generic 
section of that coincides with the tangent direction along L. By what we just 
discussed, we may assume that this section coincides with the Legendrian ruling on 
the boundary of a standard tubular neighbourhood of i, and this section will extend 
without zeros over the solid torus we glue in when performing a surgery along L. 
Translated into our situation at hand, this implies the following statement. 

Lemma 3. Under the natural map 

Hi{S^\{LoU...UL„)) Hi{Y\Lo) 

induced by inclusion, the Poincare dual of the relative Euler class e(^st, LqU. . .Ui„) 
maps to the Poincare dual of e(^, Lq). □ 

3.4. Proof of Lemma [2l Write fii for the meridian of Li, and Xi for the longitude 
determined by the surface framing. Then 

n 

Hi{S''\\jL,)-I.^„(B---(Bl.^,„, 

where denotes a copy of the integers generated by the class fi. In \ |J"=o 
the longitude represents the class 

n 

(1) A, =^lk(L„L,)/x,. 

Surgery with coefficient a.^ along Li means that we glue a new meridional disc along 
Uifii + Ai, i = 1, . . . , n. It follows that 

n 

Hi{Y \ Lo) = © • • • © Z^„/(a,/x^ + ^ lk(L„ = 0, i = 1, . . . , n). 

j=o 

On the other hand, from the Mayer- Vietoris sequence of the triple {Y; Y\Lo, Lq) 
and the assumption that 1" be a rational homology sphere (as well as some obvious 
identifications under excision isomorphisms) we have the short exact sequence 

— > H,{T^) -^H,(Y\ Lo) © H,{Lo) H,{Y) 0, 

with Hi{Y) a finite abelian group. We have Hi{T'^) = Z^^, © "Lx^. The class 
maps to in Hi{Lo) = Z; the class Ao, to 1. So the sequence reduces to 

(2) ^ Z^„ Hi{Y\Lo) ^ Hi{Y) ^0. 

(Alternatively, this follows from Lq being rationally nuUhomologous in y.) 

Hence the Poincare dual of the relative Euler class e(^,io) over the rationals, 

PD(e(^, Lo))q := PD(e(e, Lo)) ®z 1 e H^{Y \ Lq; Q) = Q^^, 

is some rational multiple of /xq. Beware that — over the integers — /zq is not, in 
general, a primitive element in HiiY \ Lq). For instance, for Y = MP^ and Lq 
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representing the generator of 7ri(RP'^) = Z2, the class is twice the generator of 
ffi(Mp3\Lo) '^Z. 

The definition of the rotation number of a Legendrian knot can be interpreted 
in terms of relative Euler classes. This translates into 

n n 

For the rational rotation number rotQ(Lo) of Lq C {Y, ^) we argue similarly. If the 
order of Lq in Hi(Y) is r, and S is a rational Seifert surface for Lq in Y, then 

r ■ rotQ(Lo) = {e{t Lo), P]) = PD(e(^, Lq)) • S. 

For this intersection product, only the free part of PD(e(^, Lq)) is relevant, and 
since the intersection product fio • [S] equals r, we conclude that 

PD(e(^, Lo))q = rotq{Lo)fio. 

Hence, by Lemma [3l 

n 

^roti/ii = rotQ(Lo)Aio hi Hi{Y \Lo;Q). 

i=0 

The relations in the presentation of Hi{Y \Lq) can be written formally as 

/ ^J.l \ I lk(Lo,Li] 



M 



Mo = 0. 



The surgery description of Y defines a 4-dimensional handlebody X with boundary 
dX = Y. Both H2(X) and H2{X,Y) are isomorphic to Z". The relevant part of 
the homology exact sequence of the pair {X, Y) is 

H2{Y) H2{X) A H2{X.Y) Hi{Y). 

Since F is a rational homology sphere, we have H2{Y) = 0, so the matrix M is 
invertible over Q. Therefore, in Hi{Y \Lo;Q) we have 

n 



rotQ(Lo)Mo = ^roti^j = (^roto - 

1=0 



/ roti \ 








\ rot„ / 






This proves the first formula in the lemma. 

Wc now turn to the Thurston-Benncquin invariant. The contact framing of Lq 
(both in (S''^,^st) and in {Y,(^)) is given by tbg/io + -^o- On the other hand, from 
the exact sequence ([2|) we see that there is a unique S Z such that ao/io + rXo 
is nuUhomologous in Y \Lo, where as before r denotes the order of LqiiiY. Then 
the rational Thurston-Bennequin invariant of Lq in {Y,S^) can be computed as 

(3) r ■ tbQ(Lo) = (tboMo + Aq) • (ao^o + ''Ao) = r • tbo - ao, 

where the intersection product should be interpreted as a product on the boundary 
of a tubular neighbourhood of Lq. 
From ([1]) we have 



ooMo + rAo = qqMo + lk(Lo, Lj)fj,j, 
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and the fact that this is nuUhomologous in Y \ Lq means that it ean be expressed 
as a hnear combination of the relations in Hi{Y \ Lq), which yields 



= 



ao r-lk(io,-^i) •■• r-lk(io,-^n 

lk(Li,io) ai •■• lk(Li,L„) 



lk(L„,io) lk(£„,Li) 
With © we get 



= ao detM + rdetMo. 



, ^ . ao det Mq 

thq(L} = tbo = tbo + , . ■ 

r det M 



4. Invariants of tangent 2-plane fields 

A surgery presentation L ~ L+ U L_ C {S^,^st) of a given contact 3-manifold 
{¥, f ) determines a 4-dimensional 2-handlebody X with boundary dX — Y. Fol- 
lowing and [5] we are now going to explain how to determine the homotopical 
data of ^ as a tangent 2-plane field from such a presentation. 

Given a choice of spin structure s on Y, there is an invariant r(^, s) G Hi{Y) of 
the homotopy type of ^ over the 2-skeleton of Y. When the first Chern class ci(^) 
is a torsion class, the homotopy obstruction over the 3-skeleton can be described 
by a rational number ci3(^). 

In II H Theorem 4.12] it is shown how to compute r(^, s) from a surgery diagram 
containing only contact (—1) -surgeries. A spin structure s can be specified in terms 
of a characteristic sublink in the surgery diagram. Biilent Tosun has informed us of 
a way to compute the 2-dimensional homotopy invariant r(^, s) from any contact 
surgery diagram, including those with 1-liandles and contact (-l-l)-surgeries. This 
would allow one to give a complete homotopy classification of the contact structures 
on q) we describe in terms of surgery diagrams in the following sections. 

The 3-dimensional invariant can be computed as follows. Write (t{X) for the 
signature of X, and x(A') for its Euler characteristic. Let C X be the surface 
obtained by gluing a Seifert surface of Li with the core disc of the handle corre- 
sponding to Li C L. The homology class of in H2{X) is completely determined 
by Li C S^. Generalising a result of Gompf , the following was shown in [S] . 

Proposition 4. Suppose that ci(^) is torsion, and tb(Li) ^ for each Li G L+. 
Then 

(4) dsi0^l{c'~MX)-2x{X))+q, 

where q denotes the number of components o/L+, and c G H^{X) is the cohomology 
class determined by c(Ei) = rot(ii) for each Li C L. 

See [5j of an extensive discussion of this formula, in particular concerning the 
computation of the term c^. 

The standard (and unique tight) contact structure ^st on has d^{£^st) = ^1/2- 
On L{p, 1) there are, by |10j and [13], exactly p — 1 tight contact structures up to 
isotopy. They can be obtained by contact (— l)-surgery on along a single unknot 
with invariants tb = —p + 1 and 



rot G {-p + 2, -p + 4, . . . ,p - 4,p - 2}, 
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obtained from the standard Legendrian unknot (tb = — l,rot = 0) by any mix 
of p — 2 positive or negative stabilisations. The da-invariant of the corresponding 
contact structure on L{p,l) is given by 



Topologicahy trivial Legendrian knots in arbitrary tight contact 3-manifolds were 
shown by Eliashberg and Eraser [7] to be classified up to Legendrian isotopy by the 
classical invariants tb and rot, and they determined the range of these invariants. 
So part (a) of the following theorem is a weaker formulation of their result, which 
we include for completeness and comparison with the case of exceptional knots. 

The exceptional unknots in the 3-sphere have also been classified, up to coarse 
equivalence, by Eliashberg and Eraser [71 Theorem 4.7]. An alternative proof of their 
result was given by Etnyre and Vogel, see [8] . We are going to give yet another proof 
of this classification, which contains in nuce all the key ideas required to extend 
the result to lens spaces. Our argument for determining an upper bound on the 
number of exceptional knots is parallel to that of [S\ . The proof is then completed 
by finding as many explicit realisations of exceptional unknots as this bound allows. 
In the case of S^, these explicit realisations are due to Plamenevskaya [17 . 

Theorem 5 (Eliashberg- Eraser) . (a) Let L C {S^,(,st) be a Legendrian unknot. 
Then tb(L) = n with n a negative integer, and rot(L) lies in the range 



Any such pair of invariants (tb, rot) is realised, and it determines L up to coarse 
equivalence, i.e. for each n < — 1 we have \n\ distinct Legendrian unknots. 

(b) Let L C (S*^,^) he an exceptional unknot in an overtwisted contact structure 
^ on . Then ^ is the contact structure determined up to isotopy by (i3(^) = 1/2, 
and 



These invariants determine L up to coarse equivalence, and any pair of invariants 
in this set is realised. 

Proof. Examples of Legendrian unknots in {S^ , ^st) that realise the invariants stated 
in the theorem are given by arbitrary stabilisations of a standard Legendrian unknot 
with tb = — 1 and rot = 0. 

Examples of exceptional unknots with the stated invariants have been described 
by Plamenevskaya |17| in terms of the front projection of the knot in a contact 
surgery diagram, see Eigure [S] 

Each of these diagrams gives a copy of S^, as can be seen by simple Kir by 
moves, cf. |17) . A straightforward computation with the formula from Proposition^] 
shows that each diagram gives a contact structure on with ^3 — 1/2. So this 
contact structure is overtwisted (and determined up to isotopy by this value of da 
thanks to Eliashberg's classification of overtwisted contact structures [5], cf. [5]). 
Contact (— l)-surgery along L cancels the (-t-l)-surgery along the parallel knot, 
see [31 Section 3] or [21 Prop. 6.4.5]. This leaves us with a diagram containing 
only contact (—1) -surgeries, or one with a single (-l-l)-surgery along the standard 
Legendrian unknot. The latter produces the tight contact structure on x S^, 




5. The 3-sphere 



{rt -I- 1, n -I- 3, . . . , — n — 3, —n — 1}. 



(tb(L),rot(i)) G {{n,±{n~l)): n G N}. 
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Figure 3. The exceptional unknots in the 3-sphere. 



see [5J Lemma 4.3], the former a Stein fihable and hence tight contact structure. 
This shows that in ah examples the knot L is exceptional. 

We claim that the knot L in Figure |3U a) has (tb,rot) = (1,0), the one in 
(b) has (tb,rot) ~ (2, ±1) (depending on a choice of orientation of L), and the 
one in (c) (with n — 2 > 1 unknots along which we perform (— l)-surgery) has 
(tb,rot) = (n, ±(n - 1)). 

Plamenevskaya determines tb(i) by keeping track of the contact framing through 
Kirby moves; no comment is made about rot(L). In fact, the claimed values of 
tb(L) and rot(L) follow easily from Lemma [2] See Section [9] for some details of 
these computations. 

So we are left with showing that these invariants (in the tight and exceptional 
case, respectively) determine L up to coarse equivalence, and that no other values 
of the classical invariants can be realised. 

Given a Legendrian unknot L in {S^,£_st) or an exceptional unknot L in , 
decompose the 3-sphere along a torus as = Vi U V2, with Vi a standard neigh- 
bourhood of L. More precisely, with denoting meridian and longitude of the 
solid tori 1^, we assume that the gluing is described by the identifications /ii = A2, 
^1 = ^^2^ and dVi is a convex torus with two dividing curves of slope where 
n := tb(i). 

Both in the tight and the exceptional case, the contact structure on V2 is tight, 
and the boundary dV2 is convex with two dividing curves of slope n. Moreover, up 
to coarse equivalence L is determined by the contact structure on V2. According 
to Giroux [TCT and Honda [IST, the number of tight contact structures on a solid 
torus V inducing a fixed characteristic foliation on dV divided by two curves of 
slope —p/q < — 1 is given by 



(rfc_i + 1) • r-fcl, 
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where the < — 1 are the terms in the continued fraction expansion 
= ''o ^ =: rn,...,rfc ; 

q 1 

r 

7-2 

rk 

for slope —1 there is a unique structure. 

For n < the continued fraction expansion is given by fc = and vq — n, i.e. 
we have |n| distinct tight structures, which corresponds to the |n| reahsations of a 
Legendrian unknot with tb = n in (^^j^st) described above. 

For n = 0, the contact structure on V2 would have to be overtwisted, so this case 
does not occur in {S'^,^st) or when L is exceptional. 

Finally, for n > we first have to modify V2 by a Dehn twist such that the 
dividing curves have a slope < —1, in order to apply the classification result cited 
above. A Dehn twist of V2 that replaces A2 by = A2 + fc/i2 changes the slope to 
s'2 = n/{l — kn), since 

li2 + n\2 = (1 - kn)fi2 + nX^. 

For n = 1 we have to take k = 2, which gives — —1. For this slope there is exactly 
one tight contact structure on V2. For n > 2, we have to take fc = 1, resulting in a 
slope S2 = —n/{n — 1). In this case there are exactly two tight contact structures 
on V2, for inductively one sees that the continued fraction expansion of —n/{n— 1) 
is [-2,..., -2]. 

Thus, for n > 1 the number of tight contact structures on V2 equals the number 
of examples in Figure [3l It follows that these examples constitute a complete list 
of exceptional unknots. □ 



6. Projective space 

The following is the analogue of Theorem [S] for the real projective space RP'^ = 
i(2,l). 

Theorem 6. (a) Let L C (]RP'^,^st) be a Legendrian rational unknot in the unique 
tight contact structure on RP^. Then Vdq{L) = n + 1/2 with n a negative integer, 
and Totq{L) lies in the range 

{n + 1, n + 3, . . . , —n — 3, — 1}. 

Any such pair of invariants (tbQ, rotq) is realised, and it determines L up to coarse 
equivalence, i.e. for each n < —1 we have \n\ distinct Legendrian rational unknots. 

(b) Up to coarse equivalence, the exceptional rational unknots L in an overtwisted 
(MP^,^) are in one-to-one correspondence with the following set of values of the 
classical invariants: 

(tbQ(L),rotQ(i)) e {(n + l/2,±n), (m + 1/2, ±(m - 1)) : n e No, m e N}. 

The overtwisted contact structure containing the knots of the first series has ds- 
invariant equal to 1/4, the one containing the second series has da = 3/4. 

In other words, there is exactly one exceptional rational unknot with tb = 1/2, 
there are three with tb — 3/2, and there are four each for tb = {2n + l)/2 with 
n>2. 
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Proof. Lcgendrian rational unknots in {MP^ , ^st ) that realise the stated values of 
the invariants are given as follows. Represent (RPsj^st) by (— l)-surgery along a 
single standard Legendrian unknot in with tb = — 1 and rot = 0, and let Lq be 
a push-off of the surgery curve with k—l positive and \n\ — k negative stabilisations, 
k = Observe that by Lemma [2] the push-off without any stabilisations 

has tbQ = -1 + ^ = -1/2. 

Examples of exceptional rational unknots with the stated invariants are shown 
in Figures 2] and O With some simple Kirby moves one sees that in all cases L is 
an isotopic copy of the standard rational unknot Lq C RP'^. We illustrate this in 
Section |9] for the example in Figure [Sja); there we also explain how tb(Q)(L) can be 
computed from such Kirby moves instead of Lemma [21 




Figure 4. Exceptional rational unknots in projective 3-space L 




Figure 5. Exceptional rational unknots in projective 3-space IL 

The invariants of these exceptional examples are listed in Table [TJ A sample 
computation of these invariants is given in Section [3] Since the ds-invariant differs 
from d3($st) — ~l/4, all contact structures given by these surgery diagrams are 
overtwisted. 
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Figure 


n 


tbQ(L) 


rotQ(i) 




Ha) 




1/2 





1/4 


Hb) 




3/2 





3/4 


He) 




3/2 


±1 


1/4 


Ha) 


even > 2 


n+1/2 


±(n-l) 


3/4 




odd > 3 


n+1/2 


±(n- 1) 


3/4 


Ha) 


odd > 3 


n+1/2 


±n 


1/4 


Hb) 


even > 2 


n+1/2 


±n 


1/4 



Table 1. Invariants of the exceptional rational unknots in RP'^. 



Except for the example in Figure Ha), a single contact (— l)-surgery along L 
produces a Stein fillable contact manifold. In that first example, contact (— 1)- 
surgery along L and two push-offs of L, which by the algorithm in [5| is equivalent 
to contact (— l/3)-surgery along L, yields {S^,^st)- So in all cases L is exceptional. 

By a similar argument as in the proof of Theorem [5] we are now going to show 
that this amounts to a complete list of the rational unknots in WP^ up to coarse 
equivalence. Given a Legendrian rational unknot L in (MP'^,^st) or an exceptional 
rational unknot L in MP"^, we decompose MP'' into two solid tori Vi, V2, with Vi a 
standard neighbourhood of L. From the standard surgery picture in Figure [T] we 
see that the gluing of Vi and V2 is given by ^2 = — A*i + 2Ai and A2 = Ai. Suppose 
the contact framing of L is Ac = nfii + Ai for some n e Z. Then 

Ac • = (nfJ,! + Ai) • (-/^i + 2Ai) = 2n + 1, 

hence tbQ(L) — n + 1/2. 

In order to compute the slope of the convex torus dV2 , we need to express Ac in 
terms of /Z2 and A2 : 

Ac = nfii + Ai = — n/X2 + (2n + 1)A2. 

So the slope is S2 = — 2 — 1/n. 

For n < — 1 the result of Giroux and Honda quoted in the proof of Theorem [S] 
tells us that there are |n| distinct tight contact structures on V2. These are all 
realised as the complement of a rational unknot Lq in the tight (KPsj^st) with 
tbQ(Lo) = n+1/2. 

For rt = the slope S2 is infinite. This can be changed to —1 by a single Dehn 
twist. So there is a unique tight contact structure on ¥2- For n > 1, it is easy to 
see inductively that the slope S2 = —2 — 1/n has the continued fraction expansion 
[—3, —2, . . . , —2], where —2 occurs n — 1 times. So, by Giroux and Honda, there are 
three tight structures for n = 1, and four each for n > 2. In all cases, this equals 
the number of examples in Figures |4] and H □ 

7. The lens spaces L{p, 1) 

The discussion of the preceding section easily generalises to the lens spaces 
L{p,l). The following theorem subsumes Theorems [5] and El Part (a) is essen- 
tially the same as Theorem 5.5]; again, we state it here merely for completeness 
and comparison with the exceptional case. 
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Theorem 7. (a) Let L C 1),^) be a Legendrian rational unknot in a tight 

contact structure on L{p, 1). Then tbQ(L) = n + l/p with n a negative integer, and 
rotQ(L) is of the form 

ri 

rotQ(L) = ^0 + — 

with 

rg G {n + 1, n + 3, . . . , —n — 3, —n — 1} 

and 

n e {-p+2,-p + A,...,p-4,p-2}. 
Any such pair of invariants (tbQ, rotQ) is realised, and it determines L up to coarse 
equivalence, i.e. for each n < — 1 we have \n\ ■ {p — 1) distinct Legendrian rational 
unknots. 

(b) Up to coarse equivalence, the exceptional rational unknots in an overtwisted 
{L{p,l),^), p S N, are classified by their classical invariants tbQ and rotQ. The 
possible values of tbQ are n + l/p with n G Nq. For n = 0, there is a single 
exceptional knot, and it has rotQ = 0. For n = 1, there are p+l exceptional knots, 
with rotQ lying in the range 

{-1, -! + -,-! + -1 + — = +l}. 
p p P 

For n > 2, there are 2p exceptional knots, with rotQ in the range 

{±(n-2 + -),±(n-2 + -),...,±(n-2+^) = ±7i}. 
p p p 

Proof. Legendrian rational unknots in some tight contact structure on L(p, 1) can 
be found as follows. Take any tight L{p, 1) given by a surgery diagram as described 
after Proposition SJ this gives p ~ 1 possibilities. Choose L to be a Legendrian 
unknot forming a Hopf link with the surgery curve, with tbo = n and roto in the 
range 

{rt + 1, 71 + 3, . . . , —n — 3, —n — 1}; 
this gives us \n\ choices. With Lemma [5] one easily checks that the invariants of 
these examples are as listed in the theorem. 

Examples of exceptional rational unknots whose invariants have the values stated 
in the theorem are shown in Figure [51 

The labels are to be understood as follows. For instance, in Figure |6l[b) the 
surgery knot (and likewise L) has fe + 1 left-cusps on the left and p + 1 — k right- 
cusps on the right, k = 0, . . . ,p. This means that tbo = ~(?'+ 1) smd roto = p — 2k 
(for L oriented clockwise). In Figure[6][c) we take k in the range 1, . . . ,p and n > 2; 
using either orientation for L is going to give us the required 2p examples. Table [2] 
summarises the invariants of all exceptional examples. We defer the computations 
to Section |9l 

In order to illustrate the range of methods available, we prove overtwistedness 
of the contact structures on L{p, 1) represented in Figure [5] by a different argument 
for each of the three diagrams. 

For Figure [Sl[a) we appeal to the classification of tight contact structures on lens 
spaces [TOl [13] . All these structures are Stein fiUable. Now take p — 2 additional 
parallel unknots and perform contact (— l)-surgery along them. This produces the 
diagram from Figure |4l[a) , and hence an overtwisted contact structure on MP'^. If 
the original surgery diagram had produced a tight (and hence, in this particular 
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Figure 6. The exceptional rational unknots in L{p,l). 



Figure 


n 


k 


tbQ(L) 


rotQ(L) 




Ha) 






1/p 





(3-p)/4 


m 




0,...,p 


1 + i 

p 


-1 + f 


(p-2kf 3 
4p '4 




even > 2 


l,...,p 




±(n-2+f) 


(p-2fc)" 3 
4p 4 


He) 


odd > 3 


l,...,p 


p 


V ' p p / 


(p-2fe+2)^ 3 
4p ^4 



Table 2. Invariants of the exceptional rational unknots in L(p, 1). 



case, Stein fillable) structure, the resulting structure on MP'^ would still be Stein 
fiUable, and hence tight. 

For Figure Hb), we base our argument on the rational Bennequin inequality 

tbQ(L) + |rotQ(L)| <-ix(S); 

this inequality holds for any rationally null-homologous Legendrian knot of order 
r with rational Seifert surface S in any tight contact 3-manifold [1, Theorem 2.1]. 
Since the knot L in Figure IHb) violates this inequality, the manifold given by that 
surgery diagram must be overtwisted. 
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In Figure ini^c) one may consider a Legendrian unknot with tb = — 1 and rot — 
forming a Hopf link with the 'shark' at the bottom of the picture. As in [S] Figure 2] 
one sees that this Legendrian unknot is the boundary of an overtwisted disc in the 
surgered manifold; the other surgery curves do not intersect this disc. 

In each of the examples in Figure |6l L is exceptional by the same reasoning as 
in the case of MP'^ (in case (a) perform a ( — l/(p + l))-surgery along L). 

The argument that our list of examples is complete is very similar to the case of 
RP^, and we only list a few of the necessary modifications. The gluing of Vi and 
V2 is now given by /i2 — — /ii + p^i and A2 = Ai. With Ac = n/ii + Ai, ?i G Z, we 
get tbQ(i) — n + l/p. The corresponding slope of dV2 is S2 = —p — l/n. 

For n < — 1, there are {p — 1) • \n\ distinct contact structures on V2. These 
correspond to the rational unknots in a tight L{p, 1). 

For n — there is again a unique tight contact structure on V2. For n > 1, the 
slope — p — 1/n has the continued fraction expansion [—p — 1, —2, . . . , —2], where 
—2 occurs n — 1 times. So we have p+l tight structures for n — 1, and 2p each for 
n>2. □ 

8. The lens space L{5, 2) 

We expect the analogue of Theorem [7] to hold for arbitrary lens spaces L{p,q). 
The number of Legendrian realisations of the (at most) two rational unknots in 
L(ji, q) can be computed as before, and one can also develop some systematics in 
the surgery diagrams. 

Instead of giving this general picture, we concentrate on one specific example, 
the lens space L{5,2) and the two topological types Kx,K2 of rational unknots 
described in Figure [2] This example serves to illustrate a 'stable' pattern in the 
surgery diagrams: for sufficiently large values of tbQ, there is essentially one general 
diagram that covers all cases; for small values of tbQ one needs to find some ad hoc 
diagrams. The diagrams for the 'stable' situation generalise in a straightforward 
manner to L{j), q). 

For L(5, 2), the gluing map for the two Heegaard tori is given by ^2 = — 2/zi + 5Ai 
and A2 = /ii — 2Ai. For the contact framing Ac — nfii + Ai of a Legendrian 
realisation of Ki one then computes tbQ = n + 2/5. The corresponding slope of 
the complementary solid torus V2 is then equal to {5n + 2)/(2n + 1), which after a 
single Dehn twist becomes 

-, 2n+l 

s, = -1 < -1. 

^ 3n + l 

In Table |3] we list the continued fraction expansions of this slope and the corre- 
sponding number of tight contact structures on V2, which gives us the number of 
Legendrian realisations of Ki with tight complements. 

The cases with 71 < —1 correspond to a tight contact structure on L(5,2) as 
follows. Realise L(5,2) by contact (— l)-surgeries along a 'shark' and a standard 
tb = — 1 Legendrian unknot forming a Hopf link. A standard Legendrian unknot 
linked once with the shark gives a Legendrian realisation of Ki with tbQ = — 1 + 
2/5. Depending on a choice of orientation, this has rotQ = ±2/5. By successive 
stabilisations of this knot, one obtains the \2n\ realisations with tbQ — n + 2/5. 

The surgery pictures of the exceptional realisations of Ki are given in Figures [7] 
and m the invariants are listed in Table ID The computations follow the same 
pattern as in the case of L{p^ 1), so we shall not reproduce them here. 



LEGENDRIAN RATIONAL UNKNOTS 



17 



n 


c.f.e. of S2 


# Leg. real. 


< -2 


[-2,-3,n] 


\2n\ 


-1 


[-2,-2] 


2 





-2 


2 


1 


[-2,-4] 


4 


> 2 


[-2, -4, -2,..., -2] 


6 



Table 3. Number of Legendrian realisations of Ki in L{5, 2). 





Figure 7. Exceptional rational unknots in L(5, 2) isotopic to Ki I. 
(a) _ ^ (b) (c) 





+1 



J n-2 -/ 



-1 



n - 2 




Figure 8. Exceptional rational unknots in L(5,2) isotopic to Ki II. 



The Legendrian realisations of K2 in L{5, 2) have tbQ = n + 3/5. The numbers of 
different realisations are listed in Table [5l Again, the cases with n < —1 correspond 
to a tight contact structure on £(5, 2), and they are realised in a similar fashion as 
the tight cases for Ki . For the exceptional realisations of K2 , see Figures [S] and [TU] 
and Table El 



9. Some computations 



In this section we collect some hints for the computation of the invariants in 
various of the examples described above. 
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Figure 


n 










2/5 


±1/5 


mh) 




7/5 


±2/5 


mc) 




7/5 


±6/5 


Ha) 


even > 2 


n + 2/5 


±(n-7/5) 


Ha) 


odd > 3 


n + 2/5 


±(n + l/5) 


Hb) 


> 2 


n + 2/5 


±(n - 3/5) 


He) 


even > 2 


n + 2/5 


±(n + l/5) 


He) 


odd > 3 


n + 2/5 


±(n-7/5) 



Table 4. Invariants of the exceptional realisations of Ki in L(5, 2). 



n 


c.f.e. of s[ 


# Leg. real. 


< -2 


[-3,-2,n] 


|2n| 


-1 


-2 


2 





-3 


3 


1 


[-3,-3] 


6 


> 2 


[-3, -3, -2,..., -2] 


8 



Table 5. Number of Legendrian realisations of K2 in L{5, 2). 




Figure 9. Exceptional rational unknots in L(5, 2) isotopic to K2 I. 



9.1. Plamenevskaya's examples. We consider the example in FigureHc)- Here 
the linking matrix AI = Af is the ((n — 1) x (n — l))-matrix 

/ -1 -1 \ 

-1 -2 -1 

-1 -2 -1 



M 



-1 -2 -1 
-1 -2 J 
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(a) (b) (c) (d) 




Figure 10. Exceptional rational unknots in L(5,2) isotopic to K2 II. 



Figure 




tbQ(L) 


rotQ(L) 


Ha) 




3/5 





Mh) 




3/5 


±2/5 


He) 




8/5 


±7/5 


Hd) 




8/5 


±1/5 


He) 




8/5 


±1 


ma) 


even > 2 


n + 3/5 


±(n-6/5) 


[ffla) 


odd > 3 


n + 3/5 


±(n + 2/5) 


mh) 


even > 2 


n + 3/5 


±(n-4/5) 


mh) 


odd > 3 


n + 3/5 


±n 




even > 2 


n + 3/5 


±(n + 2/5) 




odd > 3 


n + 3/5 


±(n-6/5) 


[ffld) 


even > 2 


n + 3/5 


±n 


md) 


odd > 3 


n + 3/5 


±(n - 4/5) 



Table 6. Invariants of the exceptional realisations of K2 in L(5, 2). 



where we have numbered the surgery curves Li, . . . , L„_i from bottom to top in the 
figure. By successive subtraction of the i*^ from the {i + l)*** row, i — 1, . . . , n — 2, 
we obtain 

( \ 

-1 -1 

-1 -1 

-1 -1 

V -1 / 

hence det Af = (-1)""^ The first row of M''^ is 

(-(n-l),n-2,-(n-3),...,(-l)"-i-l). 
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This information suffices to compute the rotation number of L (with clockwise 
orientation): 



rot(i) = 1 - 



/ 1 \ 







( -2 \ 

-1 



V ) 



= 1 - 2{n - 1) + n - 2 = -{n - 1). 



By successive subtraction of the z*^ from the {i + 1)^* row, starting from i = 2, 
in the {n x n)-matrix A/q"-* we obtain 

/ -2 -1 \ 

-2 -1 -1 

1 0-1-1 

-1 0-1 -1 

(_l)«-2 _l _l 

V (-1)"-' -1 / 

By expanding the determinant of this matrix along the last row one shows induc- 
tively that 

detM^") = (-l)"-i(n + 2). 

Hence 

(-l)"-i(n + 2) _ 



th{L) = -2 



9.2. Projective 3-space. We consider the example in Figure \5la). The Kirby 
moves that transform the surgery link into a single unknot with topological framing 
—2, and L into the rational unknot of Figure [U are shown in Figure [TTJ These 
moves are analogous to those in Plamenevskaya's example [T71 Figure 4]; we say 
more about them further down, where we use them to compute tbQ(L) without 
appealing to Lemma [5] 

M^"^ is the (n x n)-matrix 

-1 -2 -1 

-1 -2 -1 



The linking matrix M 



M 



where, as before, we have numbered the surgery curves Li, . . . , L„ from bottom to 
top. Observe that this M^"^ equals the M*^""'"^-' from the previous example, with 
a single change in the very last entry of the matrix. Hence, arguing as before, one 
obtains detM = (-1)" • 2. 
The first row of Af^^ is 



(5) 



(-(2n - l)/2, (2n - 3)/2, -{2n - 5)/2, . . . , (-1)72); 
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(i) 



-cO 

\x:ii>r^2 -2 -2 




Figure 11. Kirby moves for the example in Figure [Sl^a). 



the last row is 

(6) ((-l)"/2,(-l)«-V2,...,l/2,-l/2). 
Hence, with L oriented clockwise, 

/ 1 \ / -2 \ 

-1 





rotQ(L) = 1 - 





V 1 / 



V ) 

= i-(2n-i-^ + (-ir-i-(-ir-i.i) 

{ — (ri — 1) for n even, 
—n for n odd. 

By expanding the determinant of Mq"^ , transformed as in the previous example, 
along the last row, and using the result from the previous example, one obtains 

detM($"^ = (-l)"(2n + 5). 

Hence 

(T\ o , (-l)"(2n + 5) 1 
tbQ(L) = -2 + =n+-. 

Alternatively, tb(g)(L) can be computed by keeping track of the framing of L during 
the Kirby moves in Figure [TT] In we have tb(L) = —2, so initially the contact 
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framing of L is given by — 2/io + Ao, where Ao is (and remains throughout the 
foUowing moves) the longitude corresponding to the surface framing in S^. This 
framing curve can be thought of as a parahel copy of L, also going through the 
(-2)-box. 

To get from (i) to (ii), we make two positive blow-ups, i.e. we add two (+1)- 
framed unknots to the picture (corresponding to taking the connected sum with 
two copies of CP^), and then slide L and the (— l)-framed knot over them to undo 
the (— 2)-linking. This adds two positive twists to the framing of L, so the framing 
is now Aq. 

To get from (ii) to (iii), we slide L over the parallel (+l)-framed unknot. This 
adds +1 to the framing of i. To get from (iii) to (iv), we first blow down the two 
(+l)-framed unknots not linked with L. This has no effect on L, but changes the 
third (+l)-framed unknot into a (— l)-framed one. Now we blow down the chain 
of unknots, starting with the (— l)-framed one. At each step, the adjacent (— 2)- 
framed unknot gets framing — 1 , and the framing of L increases by 1 . Since we have 
to blow down a total of n — 1 (— l)-framed unknots to obtain (iv), the framing of 
L finally becomes n/io + Aq. 

Now recall equation ([3]) from the proof of Lemma [2] and the argument preceding 
it. The unique ao G Z such that ao/io + 2Ao is nuUhomologous in the surgered 
manifold given by Figure lllf iv) is ao = — 1 . Hence 



giving us the same result for tbQ(L) as before. 

Here is how to compute d^{£,) for this example. The surgery diagram is equivalent 
to n — 1 unlinked (— l)-framed unknots and a further unlinked (— 2)-framed unknot. 
So the signature of the 4-dimensional filling X is — n, its Euler characteristic is n+l. 
In order to compute c^, we follow the algorithm described in [5]. The Poincare 
dual PD(c) £ H2{X, dX) — in terms of the obvious generators of H2{X, dX), the 
meridional discs to the surgery curves — is given by the vector (1,0,. ..,0,1) of 
rotation numbers. The homomorphism H2{X) — H2{X, dX) induced by inclusion 
is described, again in terms of the obvious bases, by the linking matrix M, so the 
class C e H2{X) that maps to PD(c) can be thought of as a row vector with 
MC* = (1, 0, . . . , 0, 1)*. So this vector C is given by the sum of the vectors in ([5]) 
and p. Then 



9.3. The lens spaces L(p, 1). We start with the example in Figure [6ja). The 
Kirby moves in Figure fT2l show that L is the rational unknot in L(p, 1). 

The linking matrix is the {{p-\-l) x {p-\- l))-matrix M with zeros on the diagonal 
and all other entries equal to 1. It is a simple exercise to show that detM = —p. 



2 ■ tbQ(L) = (n^o + Ao) • (-/io + 2Ao) = 2n + 1, 



= = CMC* 
= C-(1,0,...,0,1)* 



2n-l (-1)" (-1)" 1 



2 2 2 
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P+1 




Figure 12. Kirby moves for the example in Figure El^a). 



Correspondingly, detMg = —{p+1). It follows that 

tbQ(L) = -1 + ^ = 1. 

P P 

Since roto, roti, . . . , rotp+i = 0, we have rotQ(L) = 0. 

Next we consider the example in FigurelHUb). Here the topological Kirby diagram 
shows directly that L is the rational unknot in L{p,l). The linking matrix M is 
the (1 X l)-matrix (— p), the matrix Mq is 



Hence 





-ip+l) 



tbQ(i) = -{p+l) + 



-P 



{P+If 



1 

P' 



The rotation numbers rot^ 
Hence 



0, 1, equal p — 2k (with L oriented clockwise). 



rotQ(i) = p-2k - {p-2k) 



[--)-{-{p+l)) = -! + -. 
^ p' ' p 



So for k in the range 0, . . . ,p we get p+1 different Legendrian realisations. 

Finally, we come to the example in Figure [SJc). Here the computations are minor 
modifications of those for the example we discussed in the case of EP'^. The Kirby 
moves for showing that L is the rational unknot are as in Figure 1111 The linking 
matrix M differs from the one in that previous case by the substitution of — (p + 1) 
for -3. Thus, one finds detM = (-l)"-p and detMo = (-l)"(p(n + 2) + l), which 
yields 

tbQ(i) =n+-. 



P 



The first row of M ^ is now 



(n - l)p + 1 (n - 2)p + 1 



-iP 



P P 



24 



H. GEIGES AND S. ONARAN 



the last row is 



((-i)7p,(-ir-Vp,---,iM-i/p)- 



With the rotation number of the surgery curve at the top of Figure Wic) being 
rot„ — 2fc+l, one computes with Lemma[2]that rotQ(iv), with either orientation 
of L, takes for fc = 1, . . . ,p the values claimed in Theorem [T] 

We close with some comments about the computation of the c?3-invariant. For the 
example in Figure [BJa) , the only term in formula (|4]) that is not entirely obvious 
is the signature. Topologically, the surgery diagram consists of p + 1 0-framed 
unknots with a common (— l)-linking. By making a (+l)-blow up and sliding the 
corresponding (+l)-framed unknot over this link, we obtain p + 1 unlinked (+1)- 
framcd unknots, all of which arc linked once with the extra (+l)-framed unknot. 
By sliding the p + 1 unknots off the extra one, we obtain an unlink consisting of a 
single (— p)-framed unknot andp+ 1 (+l)-framed unknots. This describes a filling 
of signature p. Since we had to add a (+l)-framed unknot to arrive at this picture, 
we have a — p — 1. 

The computation of for the example in Figure [6ljb) presents no difhculty. 

For the example in Figure IHfc), one sees a = —n by an argument similar to 
that for (a). Since the surgery diagram corresponds to adding n 2-handles, we have 
X = 1 + n. The vector of rotation numbers is given by (1,0,..., 0,p — 2fc + 1), i.e. 
we need to solve the equation 



Then one computes as in Section !??^ 
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